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All statistical models of turbulence take into account Kolmogorov's exact result known as the 
"4/5 law" which stems from energy conservation. This law states that the energy flux expressed as 
a spatial derivative of the 3rd order velocity correlator equals the rate of energy dissipation. We 
have found an additional exact result which stems from the conservation of helicity in turbulence 
without inversion symmetry. It equates the flux of helicity expressed as a second spatial derivative 
of the 3rd order velocity correlator with the rate of helicity dissipation. This exact result must be 
incorporated to all statistical theories of turbulence with helicity. After submitting this paper for 
publication we learned that the main result was independently found by Otto Chkhetiani in JETP 
Lett . 63, 808 (1996). 
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One of the best known results in the statistical the- 
ory of turbulence is Kolmogorov's "four-fifth law" which 
was discovered in 1941 This law pertains to the 

third order moment of longitudinal velocity differences 
5ui(r, R, t) = [u(r + R,t) — u(r, t)\ ■ R/R where u(r, t) 
is the Eulerian velocity field of the turbulent fluid. The 
fourth- fifth law states that in homogeneous, isotropic and 
stationary turbulence, in the limit of vanishing kinematic 
viscosity v — > 



([6u l (r,R,t)] 3 ) = -±eR, (1) 



where the symbol (...) stands for an ensemble average 
over r and t, and e is the mean energy flux per unit time 
and mass e = v (|V Q u^| 2 ). The only assumption needed 
to derive this law is that the dissipation is finite in the 
limit v — > 0. As noted by Frisch, "this is one of the most 
important results in fully developed turbulence because 
it is both exact and nontrivial. It thus constitutes a kind 
of 'boundary condition' on theories of turbulence: such 
theories, to be acceptable, must either satisfy the four- 
fifth law, or explicitly violate the assumptions made in 
deriving it" gj. 

In this Letter we derive an additional exact relation 
that appears to have the same status as the fourth-fifth 
law, pertaining to homogeneous, stationary and isotropic 
turbulence with helicity. Defining the velocity v(r,t) as 
v(r,t) = u(r,t) — (u) we consider the simultaneous 3rd 
order tensor correlation function which depends on two 
space points: 

J a ^(R) = (v a (r + R, *y (r, i)u 7 (r, t)) . (2) 

We show that in the limit v — > 0, under the same as- 
sumption leading to the fourth-fifth law, this correlation 
function reads 



- ^(e a psR J + e aj sR )R S , (3) 

where 5 a g is the Kronecker delta and e a( 3 7 is the fully 
antisymmetric tensor. The quantity h is the mean dissi- 
pation of helicity per unit mass and time, 

/i = i/((V a u /3 )(V Q [Vxw]' 3 )) , (4) 

where repeated indices are summed upon. The new re- 
sult (j^) can be also displayed in a form that depends on 
h alone by introducing the longitudinal and transverse 
parts of u: the longitudinal part is it; = R(u ■ R)/R 2 
and the transverse part is u t = u — u\. In addition we 
have 6ui(r, R,t) = Sui(r,R,t)R/R. In terms of these 
quantities we can propose a "two fifteenth law" 



{[5ui(r, R, t)] ■ [u t (R + r, t) x u t (r, t)}) = ^hR 2 . (5) 



We note that this result holds also when we replace u by 
v everywhere. 

To derive the result (||) we start from the correlation 
function J a ' l3l (R) which is symmetric with respect to ex- 
change of the indices [3 and 7 as is clear from the defini- 
tion. In an isotropic homogeneous medium with helicity 
(no inversion symmetry) the relevant symmetry group 
is the rotation group 0(3) whose irreducible represen- 
tations can be expressed using the spherical harmonics 
Yl, m - The most general form of this object has contribu- 
tions from I = 1, 2 and 3: 

J a ^(R) = ai {R)[5 af3 R~< + S alphai R p + S Pl R a ] (6) 
+a 1 {R)[5 a/3 R" f + 6 ay RP - 25 P ~ / R a ] 
+b 2 (R)[e aps R^ e alS R p ]R s 

+a 3 (R)[S af3 R 1 + 8 ai R p + S^R a - 5R a R R 1 /R 2 ] . 
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The coefficients in this expression carry the I index, mul- 
tiplying terms that are irreducible representations of the 
rotation group of dimension 2£+l. The dimension of the 
irreducible representation is the number of tensor com- 
ponents that transform to each other upon rotations of 
the system of coordinates. All the tensor components 
of a given irreducible representation with i = 1, I = 2 
or £ = 3 must have the same coefficient which depends 
only on R. This general representation is invariant to the 
choice of orientation of the coordinates. 

Not all the coefficients are independent for incompress- 
ible flows. Requiring dJ a ' f3l {R)/dR a = leads to two 
relations among the coefficients: 



(A. - 

\dR + R 
d 3 



a 3 (R) 



2 d 
3dR 



[ ai {R) + d^R)] 



(7) 



( 



Wi? + *jM*)- 4 ^)]=° 



As we have two conditions relating the three coefficients 
ai,5i and 03 only one of them is independent. Kol- 
mogorov's derivation jl| related the rate of energy dis- 
sipation to the value of the remaining unknown. Here 
the coefficient b 2 remains undetermined by the incom- 
pressibility constraint; it will be determined by the rate 
of helicity dissipation. 

Kolmogorov's derivation can be paraphrased in a sim- 
ple manner. Begin with the second order structure func- 
tion which is related to the energy of i?-scale motions 



S 2 {R) = (\u(R + r,t)-u(r,t)\ 2 ) 



(8) 



Computing the rate of change of this (time-independent) 
function from the Navier-Stokes equations we find 

0=^^l = -V 2 (R)-2e + vV 2 S 2 (R) , (9) 

where T> 2 (R) stems from the nonlinear term (u- V)it and 
as a result it consists of a correlation function including a 
velocity derivative. The conservation of energy allows the 
derivative to be taken outside the correlation function: 

W) = p(u a (r,t)/(r + ii,i)K(r,t) (10) 
-V(r + J2,t)]) . 
In terms of the function of Eq. (^) we can write 
d 



V 2 {R) 



dRP 



J a ^ a {R, t)-J a ^ a (-R, t) 



a, (3a 1 



(11) 



Note that Eq. (g) is written in terms of v rather than u, 
but using the incompressibility constraint we can easily 
prove that Eq. (|l0|) can also be identically written in 
terms of v rather than u. We proceed using Eq. (j^) in 
Eq. (|ll|), and find 



d 



V 2 {R) = [5ai(R) + 2d 1 {R)] 



(12) 



For R in the inertial interval, and for v — > 0, we can read 
from Eq. (||) V 2 {R) = —21 and therefore have the third 
relation that is needed to solve all the three unknown 
coefficients. A calculation leads to 



ai(i?) = -2e/45 



«i 



-e/18 , a 3 = 



(13) 



The choice of the structure function S 2 (R) leaves the 
coefficient b 2 {R) undetermined, and another correlation 
function is needed in order to remedy the situation. Since 
the helicity is u ■ [ V x u] , we seek a correlation function 
which is related to the helicity of eddies of scale of R: 



T 2 (R) = ([u{R + r,t)-u{r,t)] 
• [V x u(r + R,t) - V x u(r, t)] ) . 



(14) 



The proper choice of this correlation function is the cru- 
cial idea of this Letter. The rest is a straightforward cal- 
culation. Using the Navier-Stokes equations to compute 
the rate of change of this quantity we find 

= = -G 2 (R) -2h- v\7 2 T 2 (R) , (15) 

which is the analog of (|^), and where 

G 2 (R) - {(u(r, t) ■ [V R x [ u (r + R, t) x [V R (16) 
xu{r + R,t)])])} + {term R -> -R} . 

The conservation of helicity allows the extraction of two 
derivatives outside the correlation functions. The result 
can be expressed in terms of our definition (^): 



G 2 (R) 



d d 



dR x dR K 



-e a ^e^e^[j a ^(R) + J a ^(-R)} 

(17) 

Substituting Eq. (0) we find 



G 2 (R) 



t) 2 



'dR x dR' 



-b 2 (R)[R x R K -S XK R 2 ] , (18) 



which is the analog of Eq. ([121). Using Eq. (|1^) in the 
inertial interval in the limit v — ► we find the differential 
equation 



R2 ^ + 9fl ^ 

dR z dR 
The general solution of this equation is 

b 2 (R) = -h/30 + ouiT 5 + a 2 R~ 



h 
2 



(19) 



(20) 



Requiring finite solutions in the limit R — > means that 
a 1 = a 2 = 0. Accordingly we end up with Eq. (||). 

In conclusion, every theory of turbulence with helicity, 
to be acceptable, must either satisfy the fourth-fifth and 
the two-fifteenth laws, or explicitly violate the assump- 
tions made in deriving them. 
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